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Theoretical equations and their solutions for the falling cylinder viscometer are presented

for the Bingham plastic and power law models.

The %)urpose of this study was to develop and solve
exact falling cylinder viscometric equations for those fluids
whose rheological properties are essentially time independ-
ent. The falling cylinder viscometer is amenable to theo-
retical treatment, subject to the usual simplifying assump-
tions. This viscometer minimizes viscous heating effects,
provides a positive means for detecting yield stress, re-
quires a reasonably small amount of sample which can be
readily isolated from the surroundings, is easily adapted
for operation under extremes of pressure and temperature,
and can be fabricated at reasonable cost.

Lohrenz and co-workers (5 to 7) developed the falling
cylinder viscometer for Newtonian fluids, and Ashare et al.
(1) extended the theoretical development of the falling
cylinder viscometric equations to the area of non-New-
tonian fluids in terms of the power law and Ellis models.
Because of certain approximations in the work of Ashare
et al,, their developments are ri§orous only in the limit as
the annular gap between the falling cylinder and the tube,
within which it is confined, approaches zero. Fredrickson
and Bird (2) derived and solved the equations for the
laminar flow of Bingham plastic and power law fluids in
concentric annuli. A combination of their method with
that of Lohrenz (5) should result in equations for the fall-
ing cylinder which are theoretically rigorous for fluids that
obey the Bingham plastic or power law models regardless
of the size of the annular gap between cylinder and tube.

This paper reports on: (1) The development of the
theoretical equations for the falling cylinder viscometer
for Bingham plastic and power law fluids which relate the
terminal velocity v; of the falling cylinder to the density
difference between the cylinder and the fluid (o — p).
(2) The solution of the theoretical equations so that, given
v¢ and {o — p), the inverse operation of determining the
rheological parameters of the fluid can be accomplished.
And (3) the difference between the approximate solution
of Ashare et al. and the exact solution of this paper for
the power law model as a function of «, the ratio of cylin-
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der to tube radii, and s, the reciprocal of the power law
parameter, n.

The development presented in this paper, like that of
Lohrenz (5) and of Ashare et al. (1) does not treat en-
trance and exit effects, that is, a falling cylinder of infinite
length is assumed. In practice, an approach to this ideal-
ized limit can be realized by proper design of the vis-
cometer. It should also be pointed out that the Bingham
and power law models are idealized relationships which
cannot adequately characterize the flow behavior of real
fluids over extended ranges of shear stress. However, the
power law model has been demonstrated to be of value in
presenting the flow behavior of time independent non-
Newtonian fluids over restricted ranges of shear stress.

THEORY

The method used to develop the falling cylinder visco-
metric equations for power law and Bingham plastic fluids
consists of combining.a force balance on the body, the
equations of motion and continuity for the fluid, and a
mass balance relating displaced fluid to that flowing
through the annular gap between body and tube, with the
pertinent rheological model. Cylindrical coordinates were
used, and the usual simplifying assumptions, that is, lami-
nar flow, angular and radial components of the velocity
vector equal zero, negligible end effects, zero slip at the
walls, steady flow conditions, incompressible fluid, and
isothermal flow, were invoked.

Development for Power Law Fluids

Figure la gives the velocity profile and shear distribu-
tion for power law fluids in the falling cylinder viscometer.
The expression which relates

Uy = f(m, n, x, R, g(o' — p))

where o — p is the density difference between viscometer
body and test fluid, is derived as follows. The z compo-
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Fig. 1. Velocity profile and shear stress distribution. (@) Power
law fluids. {b) Bingham plastic fluids.

nent of the equation of motion becomes

d(rry,) /dr = APr/L (1)
where

AP/L = —dp/dz + pg

is the net pressure drop per unit length L of the cylinder.
Defining ¢ = r/R and integrating (I) with the boundary
condition
=0 at r =R (2)
one obtains
Trz = RAP(f—)\z/f)/(ZL) (3)

A force balance over the cylinder gives

(force due to pressure differential) + (buoyancy)

+ (shear on wall of the cylinder) = (force due to gravity)
(4)

or

w*R*AP + m®R%gpL, + 2xxRL(— 7,,) = @x®R%goL (5)
Combination of (3) and (5) for ¢ = « yields

AP/L = (k/\)? g(o — p) (6)
and the insertion of (6) into (3) for & = « gives
Tw = (k/A)2(k—N/x)gR(c — p)/2 (7)

A mass balance relating the fluid displaced by the move-
ment of the cylinder to that flowing through the annular
gap between the cylinder and confining tube gives

1 1
Q= 2#32"; V£d¢ = m*R2%0; or k$y/2 :L $LdE (8)

where ¢; and ¢, are dimensionless velocities defined by
(15). The integration of (8) by parts gives

1

I (assapreae = o 9
The power law model for this system may be expressed as
T = — m(do/dr)r xk=¢=\ (10)

Trw = m{— dv,/dr)*

Combining these expressions with (3), one gets

A=¢=1 (11)

dv./dr = [RAP/(2mL) 3 (\/¢é —£)s x=¢=\ (12)
—dv,/dr = [RAP/(2mL)J*(¢§~22/¢)s A=¢(=1 (13)
where

s=1/n (14)
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By defining

$2 = vz/{R[RAP/(2mL)]%} (15)
(12) and (13) may be written as
dé./dE = (\/E—§)° k=¢=) (18)

di:/df = — (§-N2/€)s A=¢=1 (17)
Then (9), (16), and (17) may be combined to give

A 1
S ove—orede—§ e—xspped=o (18)

Thus, if « and s are known, one may find

A= f(x, ) (19)

Integration of (16) and (17) with the boundary condi-
tions

$e=—¢; at £ =« (20)

. ¢:=0at é=1 (21)
gives

&
bt b= J Oe—erde x=g=n (22)

1 .
—h=J, —e—wpde r=e=1 ()
But at £ = A, (22) must be equal to (23}, so that

N 1
b=J. oe—erae—f e—wsea (20)

giving

e =f(\ 1, 8) = f(x, 5) (25)
since A = f(«, s) by (19). Thus, given « and s, both ¢;
and A may be found. Combining (6) and (15) for ¢. =
— ¢ and v, = — v; one obtains

ve = $R{(x/2)?g(c — p) R/ (2m)}* (26)

which is the final working equation relating terminal ve-
locity of the falling cylinder to the density difference by
using the power law rheological model.

Given experimental terminal velocity data as a function
of the density data for a specific falling body as a plot
of In (v;) vs. In (¢ — p), the rheological parameters s
and m of the power law model are determined as follows:

1. Determine the slope of the logarithmic plot, thereby
establishing the value of s. Use linear regression analysis
for this determination.

2. Knowing s and «, calculate X from (18) and ¢ from
(24).

3. Calculate m from (26) by using any pair of vy and
(o0 — p) values on the regression line.

Development for Bingham Plastic Fluids

Figure 1b gives the velocity profile and shear distribu-
tion for Bingham plastic fluids in the falling cylinder vis-
cometer. A and A; are the limits of plug How and at
r= AR, 7y, = 0.

Equations (3) and (6) apply for Bingham plastic fluids
but (8) must be written as

S (burderede = 0 (27)

where ¢,g is a dimensionless velocity defined by (30).
Also, for Bingham plastic fluids, the tollowing dimension-
less variables [analogous to those used by Fredrickson and
Bird (2)] are defined:

T = 2r,.L/(RAP) (28)
T, = 2,L/(RAP) (29)
dan = 2uov,L/ (R2AP) (30)
é18 = 2uo0.L/ (R?AP) (31)
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TABLE 1, VALUES oF A ¥or Power Law MopEeL

s 0.6 0.7 08

0 0.8261 0.8476 0.8759 0.9111
1 0.7906 0.8246 0.8631 0.9055
2 0.7705 0.8124 0.8566 0.9028
3 0.7579 0.8049 0.8526 0.9011
4 0.7494 0.7998 0.8499 0.9000
5 0.7433 0.7962 0.8480 0.8992
6 0.7387 0.7935 0.8466 0.8986
7 0.7351 0.7913 0.8455 0.8981
8 0.7323 0.7896 0.8446 0.8978
9 0.7299 0.7883 0.8439 0.8975

0.8 0.925 0.950 0.975
0.9526 0.9640 0.9756 0.9877
0.9513 0.9832 0.9753 0.9876
0.9507 0.9629 0.9752 0.9875
0.9503 0.9626 0.9751 0.9875
0.9500 0.9625 0.9750 0.9875
0.9498 0.9624 0.9750 0.9875
0.9497 0.9623 0.9749 0.9875
0.9496 0.9623 0.9749 0.9875
0.9495 0.9622 0.9749 0.9875
0.9494 0.9622 0.9749 0.9875

where p, and 7, are the parameters of the Bingham plas-
tic model.

Consider the plug flow region and make a force balance
on it (since v, is constant, AP is also constant). Then

7 (XA 2R2 — A_2R2)AP — 2a) s RLro — 2aA_RLr, = O (32)
which, in dimensionless variables, becomes
A=Ay — T, (33)

Writing (3) in dimensionless variables and setting T = T,
at &€ = Ay, one obtains

R=r,(a:—T,) (34)
Combination of (6) and (34) yields
AP/L = (k/r+)%g(a—p) + 210/ (BA+)  (35)
and at ¢ = «, (3), (34), and (35) give

o = {{k/As)3g(c —p) + 2o/ (Rr:+ )} (R/2)
{ck— (A+2/x)} + Aa7o/k {36)

The Bingham plastic model for this system may be ex-
pressed as

Tre = — podp/dr — 7o Kk =§E=X\_ (37)
— T =Ty =11, A_EE=), (38)
Tye = — podv,/dr + 15 Ay <£=<1 (39)

or, in terms of dimensionless variables, as
T=—dp/d¢—~T, n=¢=\_ (40)
—T,=T=4+T, A_=f=), (41)
T=—dp/dé + T, Ay =¢(=1 (42)

Combining (3) and (28) with (40), (41), and (42), one

gets
dép/dt = —To— £+ N/ xk=¢f=x_  (43)
dup/dE =0 r_=g=x, (44)
d¢zs/d§=To-§+>\2/£ >\+‘—:§é1 (45)

and if these three equations are combined with (27)

A
f (—To— & + N2/¢) e2de

1
+f (T /pEdE=0 (46)
+
Combining (33), (34), and (46), integrating, and sim-
plifying, one obtains

0=—3(1—ut) + B6hy (Ay — To) (L — &2)
+ ATo(1 + 18) — To(2hy — To)® (47)

Thus, given « and A4, T, is determined, that is
To=f(xAs) (48)

Vol. 12, No. 6

A.L.Ch.E.

Integration of (43) and (43) with the boundary condi-

tions
b8 =—¢p at £ =« (49)

é3=0at =1 (50)
gives

A
$:)- + $ip = fx (—To— ¢+ 2/¢)de (51)

1
daals =£ (To— & + 22/€) de (52)

but ¢.8|x~ = ¢.8/r+ so that (51) and (52) can be
equated and integrated to give

25 = 2To(1—Ay) — 1 + (T, + x)?
+ 2 (A —To) In {0y —To)/(Ask)} (53)

which gives
d’tB = f(TO,K: A*f—) :f(K))"*‘) (54)

since T, = f(x,A+) by (48). From (31) and (35)
vs = R (/A1 )2g (o~ p) + 2ro/(BA+)}/(2p0) (BB)

which is the final working equation relating terminal ve-
locity of the falling cylinder to the density difference by
using the Bingham plastic rheological model. From (29)
and (35)

To = {(K/)H-)ZTaRg(G"—'P) }/[2(1 - To/)t+)] (56)

When v, = 0, g{lo—p) = g(o_p)o, A =1, A = &,
and, from (33), T, = 1 — k. Then (56) reduces to

ro = x(1— k) Rg (o — p) o/2 (57)

Thus, r, may be found from the intercept of a plot of
v vs. {o—p).

Given experimental terminal velocity data as a function
of the density data for a specific falling hody as a plot
of v; vs. (o — p), the rheological parameters 7, and g, of
the Bingham plastic model are determined as follows:

1. Determine the intercept (o — p)o at v; = 0 and
caleulate 7, from (57).

2. Select values of T, and calculate the corresponding
X: and ¢ values from (47) and (53), respectively.

3. Using the system of values generated in step 2 com-
pute the corresponding (o — p) values from (56) and o
values from (55) with the value of 7, determined in step
1 and arbitrary values of p,.

4. Construct plots of the generated v; vs. (o —p) val-
ues which have parameter p,. The parametric curve which.
most nearly coincides with the experimental curve of v;
vs. (o0 — p) has the p, value that best describes the fluid.

Development of the Friction Factor

For annular flow of power law fluids, a friction factor-
Reynolds number relationship may be developed as fol-
lows:
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0.1510

0.5822x 101
0.2376x 101
0.1002 % 101
0.4330x 102
0.1905x 102
0.8499x 103
0.3836 < 103
0.1747x 103
0.8023 x 104

0.6

0.9433x 10—1
0.2736x 101
0.8599 x 102
0.2833x 102
0.9631x10-3
0.3349x 1038
0.1185x10-3
0.4249 X 10~ ¢
0.1540x 104
0.5632 x 105

TABLE 2. VALUES OF ¢¢ FOR POWER Law MopEL

0.7

0.5137x% 10!
0.1072x 101
0.2468 x 10—2
0.6009 x 103
0.1517x10~3
0.3928 x 10~
0.1036 <104
0.2775x 105
0.7519x 106
0.2056x 106

0.8

0.2195x 101
0.2978 x10-2
0.4507 x 103
0.7251 X 10~+¢
0.1213x 104
0.2085x 105
0.3657 X106
0.6512x10—7
0.1174x 107
0.1236 X 108

0.9

0.524910-2
0.3513x 103
0.2640 104
0.2114x 105
0.1763x 106
0.1513x 107
01324108
0.1177x 109

0.925

0.2198x10~2
0.1462x 103
0.8232x 105
0.4943 < 10—¢
0.3091x10-7
0.1987 x10—8
0.1305x 109
0.8700x 10— 11

0.950

0.1281x10-2
0.4274< 104
0.1604 x 105
0.6416 X107
0.2674x 108
0.1146 109
0.5016 10— 11
0.2228 x 1012

0.1060 < 10~10 0.5871x 10—12 0.1003x 10—13
0.9637x 10~12 0.4005x 1013 0.4559x 10—15

0.975

0.3164x 103
0.5274 105
0.9887 x 10—7
0.1976 x 108
0.4122x 1010
0.8832x 10—12
0.1932x 1013
0.4285x 10—15
0.9660 % 10—17
0.2196 x 10—18

Define

f=2/(p o) (58)
and let
r= RaP(l —«)/(2L) (see reference 2) (59)

Then, combination of (6), (58), and (59) gives

f= (K/l\)zﬂ(l—K)g(cr—-p)/(pv¢2) (60a)
or, by (15)
f=2m(1 - «) (v/$:R)"/ (pv:2) (60b)
By convention
f=16/Nge (61)

for laminar flow. Therefore, by combining (60b) and
(61)
Nge =D, po2~"/m (62)
where
D, = D /27—3(1 — &) {63)

Note that the Ng, defined by (62) has a form similar
to the one proposed by Metzner and Reed (8) for non-
Newtonian flow in circular conduits.

For Bingham plastic fluids a similar analysis yields

Nge = DeBPUt/I’vo (64)

where
DeB = 4D¢tB/(1 - K)

Solutions of Theoretical Equations

The equations to be solved for a power law fluid in the
falling cylinder viscometer are (18), (24), and (26).
Computations were carried out on the IBM 7040/1401
computer by using two methods as depicted on the flow
sheet presented in Figure 2. Method II, which is valid
for integer and noninteger values of s, requires that (18)
be integrated numerically by using Simpson’s rule (4) after
making an initial guess for \. Iteration by the method of

(65)

regula falsi to improve the value of A is continued until
convergence is obtained. Then ¢, is determined by nu-
merically integrating (24) by using Simpson’s rule. To
test the convergence criteria used in method II, an alter-
nate scheme was developed. Method I requires that (18)
and (24) be integrated analytically and is, therefore, re-
stricted to integer values of s. In this method the ap-
propriate root of A was extracted from the integrated form
of (18) explicitly for s = 0, 1, and 3; however, for s = 3
it was more expedient and for s = 2 and s = 4 necessary
to solve (18) by an iterative method such as the Newton-
Raphson method for polynomials (3). Because of the dif-
ficulties involved in extracting the root of A for integer
values of s greater than 4, it was not possible to test
method II against method I for values of s greater than
4. Values computed for » and ¢; by each of the two meth-
ods agreed within one in the fifth significant figure for
s =1, 2, 3, and 4. The values for X and ¢;, computed by

METHOD I

S0, INTEGER OR
NON-INTEGER
ASSUME

Az 1201000

INTEGRATE (18] NUMERICALLY
USING SIMPSON'S RULE

METHOD I

INTEGRATE (18]
ANALYTICALLY

SOLVE [18]

SOLVE i8] MPLICITLY
EXPLICITLY FOR A -

FOR A BY NEWTON
RAPHSON METHOD
OF ITERATION

FIND NEW VALUE OF A
BY "regula talsi®
METHOD OF 1TERATION

>

loatf-c:0

<

GET 0‘ BY NUMERIC INTEGRATION
of (24] USING SIMPSON'S RULE

Fig. 2. Flow sheet for solution of power law model equations.

GET § 8Y ANALYTIC
INTEGRATION OF {24]

TABLE 3. VALUES OF A+ FOR BINGHAM PrasTic MODEL

K
To \ 0.5 0.6 0.7 0.8
0.01 0.7948 0.8290 0.8677 0.8103
0.02 0.7990 0.8334 0.8723 0.9150
0.04 0.8075 0.8422 0.8814 0.9244
0.06 0.8159 0.8510 0.8905 0.9339
0.08 0.8244 0.8598 0.8997 0.9433
0.10 0.8328 0.8686 0.9088 0.9528
0.15 0.8539 0.8806 0.9316 0.9764
0.20 0.8749 0.9125 0.9544 1.0000
0.30 0.9168 0.9563 1.0000
0.40 0.9585 1.0000
0.50 1.0000
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0.9 0.925 0.950 0.975
0.9562 0.9681 0.9803 0.9925
0.9611 0.9730 0.9852 0.9975
0.9708 0.9828 0.9951
0.9805 0.9926
0.9903
1.0000
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TasLE 4. VALUES OF ¢tB FOR BINGHAM PrAsTiC MODEL

0.6 0.7 0.8 0.9 0.925 0.950 0.975
0.01 0.5656x10—1 0.2636x10-1 0.1019%10-1 0.2756x 102 0.2988x10~% 0.1171x 103 0.3010x10—* 0.2279x10-5
0.02 0.5490x10-1 0.2537x10-1 0.9667x10~2 0.2535x10~2 0.2474x 103 0.8913x10~% 0.1847x10-¢ 0.2958x10~¢
0.04 0.5158x10~1 0.2338x 101 0.8617x10-2 0.2100x10-2 0.1519x10—3 0.4035x10~¢ 0.2396 105
0.06 0.4826%x10—1 0.2140x10~1 0.7584x10-2 0.1683x10~2 07316 xX10~¢ 0.8196x 105
0.08 04495x10-! 0.1944x10~1 06576 10~2 0.1291x10~2 0.1971 104
010 0.4166x10-1 0.1752x10~! 0.5604x 102 0.9350%x10—3 0.0000
0.15 0.3364x10~! 0.1292x10~1 0.3392x10—2 0.2578 103
0.20 0.2603x10—% 0.8763x10-2 0.1615x10~2 0.0000
030 0.1278x 10—t 0.2444x10-2 0.0000
040 0.3517x10—2 0.0000
0.50 0.0000

method II, are reported in Tables 1 and 2, respectively, n = power law model parameter, dimensionless
for 0 = s =9 and 0.5 = « = 0.975. Note that X varies p = static pressuré, dynes/sq. cm.
very little with s for «’s approaching 1, which is in agree- r = radius, cm.
ment with the results of Vaughn (9), who studied the s = reciprocal of n, dimensionless
possible range of A with n in concentric fixed wall annuli. ¢ = time, sec.
For power law fluids, the approximate equation of vy = terminal velocity, em./sec.
Ashare et al. (1) was found to agree within 19, with the v, = velocity in longitudinal direction, cm./sec.

results of this work for 0 = s = 3 and « = 0.9,
The equations to be solved for a Bingham plastic fluid
in the falling cylinder viscometer are (47), (53), (55),

Greek Letters

and (56). These equations may be solved explicitly for ap = p reslslure <'ir‘op > .dy nes./ 5q. cm.
the desired variable except for (47), which must be ¢ = small positive integer, dlfnep sionless
solved implicitly for A+ in the same manner as (18) is K = ratio Of. bOd}f radius to radius of viscometer fall
solved for A in method I for power law fluids. Values for tgbe, d}men51onle§s . .
A+ and ¢:p as functions of T', and « are reported in Tables A — Elh.mens%onless Tadlu.s .Of maximum velocity
3 and 4, respectively. A— = dimensionless inner radial limit of plug flow
A+ = dimensionless outer radial limit of plug flow
" = Newtonian viscosity, g./{cm.) (sec.)
CONCLUSIONS go = cPilastic Visi:osity,dg./ (em.) (sec.)
= dimensionless radius
1. Exact falling cylinder viscometric equations for Bing- = fluid density, g./cc.
ham plastic and power law model fluids were developed T = body density, g./cc.
and solved in this study. 7. = shear stress, dynes/sq. cm.
2. The approximate falling cylinder viscometric equa- 7, = yield stress, dynes/sq. cm.
tion of Ashare et al. (1) is less than 1% in error with the  r, = shear stress at inner wall, dynes/sq. cm.
rigorous solution for the power law model fluid when con- ¢, = dimensionless terminal velocity for the power law
sidered within the bounds 0 = s = 3 and 0.9 = « = 1. model
¢:5 = dimensionless terminal velocity for the Bingham
lastic model
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NOTATION

D = diameter of viscometer fall tube, cm.

D, = equivalent diameter as defined in (63), cm.” 3
D, = equivalent diameter as defined in (65), cm.

L = length of viscometer body, cm. 4
Nre = Reynolds number, dimensionless 5
Q = volume rate of flow, cc./sec.

R = radius of viscometer fall tube, cm. 6.
T = dimensionless shear stress 7
T, = dimensionless yield stress

f = friction factor, dimensionless 8
g = acceleration due to gravity, cm./sec.? 9
m = power law model parameter, (dyne)(sec.")/sq.

cm.
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tion for the Bingham plastic model
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